INTRODUCTION
During the past 20 years, the theory of absorbmg boundary condltlons has drawn intensive attention from many mathematlclans and sclentlsts influenced by the appearance of the works of Engqulst and MaJda [l] and Clayton and Engqulst [2] A reas of apphcatlons of absorbing boundary condltlons cover widely the numerlcal methods for hyperbohc problems from acoustic, elastic, and electromagnetic wave propagations to fluld flows m large media, see, for instance, [3- 91 and the references therem Also, the theory of absorbing boundary condltlons for parabohc problems has been developed m [lo] In particular, for the wave equation, there exists a hierarchy of absorbing boundary condltlons of all integer order, among which the most popularly used one 1s of second order, to which our attention ~111 be paid m what follows Thus, the governing dlfferentlal equation and boundary condltlon are of the same order, stated as follows To present our analysis srmply, the space domam R will be assumed to be three-drmensronal rectangular
In this case, we introduce a fourth-order energy instead of the second-or thrrdorder one We also treat more general second-order absorbing boundary condrtrons [6, 13] which let mcrdent waves of certain drrectlons be absorbed completely
The orgamzatron of the paper 1s as follows Some notatrons will be Introduced briefly at the end of this section
In Section 2, several higher-order energy concepts are examined In Section 3, a generahzatlon to include mcldent angle-dependent absorbing boundary condrtrons are considered In the last sectron, some results of numerrcal experiments are presented Throughout the paper, the L2(s2)-inner product will be denoted by ( , ), and the correspondmg L2(R)-norm by ]/ ]( m the standard manner If I' 1s a boundary or a portron of a boundary, the L2(r)-norm will be denoted by 1 (0,~
HIGHER-ORDER ENERGIES
In this sectron, we will first revrew briefly the hrgher energies mtroduced by Ha-Duong and Joly and Sheen, respectively, for the half-plane and unit cube m two dlmensrons We wrll then extend the concept to the case of three-dlmenslonal rectangular domams, rt wrll turn out that the correspondmg energres will be of order four
In what follows, conveniently, the boundary condrtron (1 la) wrll be replaced by
which was an observatron by Hrgdon [6, 13] We therefore consrder the followmg problem
Utt + 2utv + U," = 0,
We shall assume that 4 and 1c, are sufficrently smooth so that the corner smgularltles can be ignored
Ha-Duong and Joly's Second-Order Energy in the Case of Half-Planes (See [l l] )
Let us look at the case of 0 = I@, the left half-plane By addmg the L2-mner products (Cut, utt) and (fZuz, utz), and then by mtegratlons by parts with applymg the boundary condotlon (2 lc), It leads to the followmg dlfferentlal form for conservation of energy m time d (2) zJ% ( and (2 lb) Then the differential form for conservation of energy (2 5) and the energy decay equation (2 6) hold
Fourth-Order Energy in the Case of Three-Dimensional Rectangular Domains
Turn to mvestlgate m the correspondmg concept of higher energy m the case of fl = (-I,, I,) x Let 71 and 72 be the two tangential vectors on I? such that V, ~1, and 72 form an orthonormal system with a fixed positive orlentatlon such that {v, 71,~) = {z, y, .z} On each face of I?, differentiate (2 lb) twice with respect to t, ~1, and 72, and use them to slmphfy the L2(I')-terms which are produced by integrations by parts of (2 7 
GENERALIZATION TO INCIDENT-ANGLE DEPENDENT ABSORBING BOUNDARY CONDITIONS
The boundary condltlon (2 lb) makes the incident wave components which arrive normally at the boundary r fully absorbed at r Alternatively, there are boundary condltlons which anmhllate incident wave components which arrive at the boundary at certain N incident angles 0,)
, N These are given by Hlgdon (6,131 and Keys [14] m the form
where 0, E [0,7r/2), J = 1, , N In this section, we will confine ourselves to the case of N = 2 and indicate some generahzatlons of the results m the previous sections usmg (3 1) instead of (2 lb) Smce the lower-order energy cases are simpler than the fourth-order case, we will look at the latter case only For .$ = x,y, z, let BE1 and 8,, be two constant angles measured with respect to the outward normals to the boundaries with [ equal to constant Then, equivalently to (3 l), we consider the followmg form of boundary condltlons 
NUMERICAL RESULTS
In this sectlon, we present briefly some numerical results concermng the decay behavlour of fourth-order energy for the acoustic wave equation with the second-order absorbing boundary condltlon as time grows
The computational domain was set to be the unit cube I-0 5,0 513, and the wave speed was fixed to be the constant 1 The spatial mesh points used m the slmulatlon were 1013 uniform grid points mcludmg boundary points, and the time step 2 show the decay behavlours of the first-order and fourth-order energies m time The mltlal data are concentrated on the circle of radms 0 125 with center at the origin, and the mltlal wave front hes on the the circle of radius 0 25 with the same center The two energies begin to decay when the wave front hits the boundary I?, and they are almost completely absorbed after 0 75 seconds when the mltlal wave fronts which were farthest from the boundarles reach the boundaries We observe that the two figures Imply that the two energies of order one and four are m different scales but they behave quite wmllarly, so that our new fourth-order energy 1s suitable to replace the classical first-order one From this, It seems that the form of our fourth-order energy may have some physically meaning
